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Abstract. In this paper we prove the existence of infinitely many sign-changing 
solutions for the system of m Schrodinger equations with competition interactions 

— Auj + ajUj + fiuj y] u 2 j = X it 0Uj Ui e Hq(£1), i = l,...,m 

where Q is a bounded domain, j3 > and a,i Vi. Moreover, for m = 0, we show 
a relation between critical energies associated with this system and the optimal 
partition problem 

rn 

inf VAfe^i), 

WiCSi open ' * 

where Xtc^u)) denotes the fc^-th eigenvalue of —A in Hq(lj). In the case hi ^ 2 we 
show that the optimal partition problem appears as a limiting critical value, as the 
competition parameter /3 diverges to +oo. 



1. Introduction 

Let Q, be a bounded regular domain in M. N , N ^ 2, and let m E N. In this paper we 
are concerned with the study of the following system of Schrodinger equations with 
competitive interactions 

( -Au { + a^f + fiui Y^i+i A = Kaui 

1 (1) 
t Ui e H£(Q), i = 1, . . . ,m, 

where (3 > 0, en ^ and are real parameters. 

The first purpose of this paper is to prove the following result. 

Theorem 1.1. For each (3 > and a\, . . . , a m ^ 0, there exist infinitely many sign- 
changing solutions of (H|). 

In this context, a vector solution u = (u\, . . . ,u m ) £ H^QW 71 ) is said to be sign- 
changing if uf,u~ ^ for every i. We stress that, for each j3 > 0, Aj./j is not fixed a 
priori; instead, by the statement "u is a solution of ([!])" we mean that there exists 
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(u, A) such that (pQ) holds. Assuming enough regularity on the solution, clearly Aj :l g 
will depend on u through the relation 

Jn(\Vuj\ 2 + <v4 + P u t Ej^i u]) dx 

System ([I]) arises in the study of many physical phenomena, such as the study of 
standing waves in a mixture of Bose-Einstein condensates in m different hyperfine 
states. The parameters ctj (called the intraspecies scattering length) represent the 
self-interactions of each state; when a% > this is called the defocusing case, in 
opposition to the focusing one, when aj < 0. As for the parameter ft (the interspecies 
scattering length), it represents the interaction between unlike particles. Since we 
assume /3 > 0, the interaction is of repulsive type. 

In the last few years, several mathematical questions have been studied around system 
(PQ). When it comes to existence results in bounded domains, all results presented 
in the literature concern the case of m = 2 equations and N ^ 3. The authors, 
in collaboration with Noris and Verzini [16], have shown the existence of positive 
solutions in the defocusing case a\ = a<i = a > 0. In the focusing case a\ = a<i = a < 
0, for Ai j( g = \2,p = A < (fixed a priori), Dancer, Wei and Weth [9] have shown the 
existence of infinitely many positive solutions of ([1]) , while for A > the same result 
was proved by Noris and Ramos [15]. In all these works the fact that the system is 
invariant under the transformation (14., U2) ^ { u 2, u i) plays a crucial role. We would 
also like to mention, always in the focusing case, the works by Bartsch, Dancer and 
Wang pQ for local and global bifurcation results in terms of the parameter ft, and 
the results of Domingos and Ramos [10] concerning the existence of positive solutions 
for some \\^ = Ai ^ A2 = A2./3. Our existence result of sign-changing solutions for 
systems of type ([I]) is, up to our knowledge, new. 

Another interesting feature of system ([T]) is the asymptotic study of its solutions as 
ft —7- +00. Although everything of what we are about to say holds true in a more 
general framework, let us focus our attention at this point to the case where a, = Vi 
in (pQ), that is: 

f -Am + ftUi Ysi+i A = \,B u i 

„ ( 2 ) 

{ Ui £ Hq(Q), i = 1, ... ,771. 

As mentioned before, ft > is of repulsive type, and it has been shown (see for 
example 0H71II9], among others) that in several situations it occurs what is called 
phase separation, which means that the limiting profiles (as ft —> +00) have disjoint 
supports. In particular in [17] it is proved that if {up}p = {(ui t p, . . . ,u mt p)}p is a 
family of solutions of ([2|) uniformly bounded in L°°-norm, and {Aj^}^ is bounded in 
E for all i, then there exists u = (u±, . . . , u m ) such that Ui ■ Uj = in Vz 7^ j and, 
up to a subsequence, Uj g — > Ui strongly in Hq(Q) n C 0,a (O). Moreover, 



— Aui = XiUi in the open set {u^ 7^ 0}, 



(3) 
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with Aj = lim^ Aj j( g (in some sense, ([2]) can be seen as a singular perturbation of 
([3])). Observe that then Aj is an eigenvalue of —A in Hq({ui ^ 0}) and that the sets 
{ui ^ 0} are disjoint. Therefore it is natural to look for relations between solutions 
of ([2]) and solutions of the class of optimal partition problems 



m 



for k u . . . , k m e N, inf V X ki (wf), (4) 

uiiCll open f- -" ' 

where Afc^w) denotes the fej-th eigenvalue (counting multiplicities) of (— A, Hq(lj)). 
The second main result of this paper is the following. 

Theorem 1.2. Consider @ with k± = . . . = k m = 2, that is 

m 

inf X>(^)" ( 5 ) 

UiGil open ~ — ' 

T/ien i/iere exist a sequence ug = (u\ g, . . . ,u m g) and a Lipschitz vector function 
u = (ui, . . . , Um) such that 

(i) up is a sign-changing solution of (J2]); 

(ii) Uifi — > Ui in C 0,a (Q) fl Hq(Q) for every i = 1, . . . ,m, as {3 — > +oo; 
(Hi) if Ui := {ui / 0} , then (oj\, . . . , u m ) solves ©. 

Moreover, we have 0, = U^cJj and the set T := r2n(U^L 1 c?a;i) is a regular hypersurface 
of class C 1,a , up to a set having at most Hausdorff measure N — 2. 

Adapting the proof of the previous theorem, we will actually see that a similar result 
holds for in the more general case where one takes k±, . . . , k m S {1, 2} (with the 
difference that the approximating solutions ug will only change sign in the components 
i such that h t = 2, and all the other components will be positive). We should mention 
that for k\ = . . . = k m = 1 a result similar to Theorem 11.21 was already know if one 
combined the papers [51 [6]. Some preliminary results were also proved by Conti, 
Terracini and Verzini [7], while Helffer, Hoffmann-Ostenhof and Terracini [13] have 
proved that, in dimension two, every solution . . . ,0J m ) of (JH) is regular in the 
sense of the last paragraph of Theorem 11.21 Passing from the case of a sum of first 
eigenvalues to the sum of second eigenvalues is not trivial, because while in the first 
case one can work with minima of the the energy functional associated with ([2]), in 
the latter case one has to define an appropriate minimax quantity. We would like 
to mention that in the case k± = . . . = k m = k, the existence of solution of ([!]) was 
proved in the class of quasi-open sets by Bucur, Buttazzo and Henrot [4], and more 
recently in the class of open sets by Burdin, Bucur and Oudet [3]. 
The structure of this paper is as follows. In Section [2] we prove the existence of infin- 
itely many sign-changing solutions for a general competitive system. The main tool 
will be the use of a new notion of Krasnoselskii genus, which will take in consideration 
the fact that the functionals considered are even in each single component. This genus 
will be rather effective in connecting problem ([2]) with @) (as will become evident in 
Lemma I4.ip . Section [3] is then dedicated to the proof of Theorem II. 1\ applying the 
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results of Section [2] to system ([T]) . Observe that one difficulty to overcome is the fact 
that the energy functional 

m » OLU^ m 3 f 

u= (ui,...,u m ) (\^ u i\ 2 + -hr) dx + y2 ^ / u< i u2 jdx 

£i J n 2 i, j= i 2 J n 

for ||iti||z,2(Q) = 1, might take the value +oo. We overcome this fact by using a 
truncation argument. Finally in the last section we will present the proof of Theorem 

m 

2. Sign-changing solutions for general competitive systems 

Take two odd functions /, g : R — >■ R, of class C , such that 
(fgl) f'(t),g'(t) ^0 for every t > 0; 

(fg2) There exist C > and 1 < p < min{2*/2, 3}, 1 < q < min{2*, 3} such that 

|/(*)| < (7(1 + \t\P- 1 ), \g(t)\ < (7(1 + It) 9 " 1 ) for every t 6 R. 
(/g3) For every s, t ^ 0, 

f{s)t + f{t)s^f{s)s + f(t)t and 5 (s)t + 5 (t)s < </(s)s + <?(*)! 
Let := /' 5 (0 := £ /(£) 

In this section we will focus on the proof of the following result. 
Theorem 2.1. There exist infinitely many sign- solutions of the system 

- Auj + g{uj) + f{uj) ^ F(uj) = XjUj, e ffo(fi), i = l,...,m. (6) 

As we shall see in the next section, Theorem 1 1 . 1 1 will be a consequence of this theorem. 

Remark 2.2. From the previous list of hypotheses, we can conclude that F(t), G(t) 
are even nonnegative functions, f(t)t,f'(t),g(t)t,g'(t) ^ for every t 6 R, /(0) = 
g(0) = 0, and moreover 

f(s)t+f(t)s < f(s)s+f(t)t and g(s)t+g(t)s < g(s)s+g(t)t for every s,t G R. (7) 

We will look for solutions of ([6]) as critical points of the functional 




restricted to the L 2 -sphere 

M = {u=( Ul ,...,u m )eH^(n;R m ) : \\u t \\ L 2 (n) = 1 Vi}. 

In order to obtain infinitely many critical points, we will define several minimax levels 
using a new definition of vector genus. 
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2.1. Vector genus. Minimax levels. Take the involutions 

di-.M^-M, (Ji(ui, ... ,u m ) = («i,..., -Ui, ... ,u m ) Vi. 
Consider moreover the class of sets 

J 7 = {A C : A is a closed set and <Ji(u) £ A \/u £ A, i = 1, . . . , m} 
and, for each 46 J and fci, . . . , k m £ N, the class of functions 

{m f i ; A — )■ continuous, and 1 

/ = (/i, . . . ,/ m ) : A -> n^" 1 = = ~fi(u) for every i I . 

i=i fi(<Tj(u)) = fi(u) whenever j ^i ) 

Definition 2.3 (vector genus). .Let j4 G take rn positive integers k\, . . . , A™. 

VFe say £/ta£ 7(A) ^ (fci, . . . , k m ) if for every f £ ^(fei, ...,fe m ) (^) ^ere exists u € A 
such that f(u) = (fi(u), . . . , f m (u)) = (0, . . . , 0). We denote 

r (fci,..,M :={ieJ: ^) > (fc, . . . , k m )}. 

Remark 2.4. Observe that we don't actually define the quantity 7(C), but only give 
a meaning to the expression "7(C) ^ (k±, . . . , k m )" . 

Remark 2.5. Recall the usual definition of Krasnoselskii genus associated with the Z2 
symmetry group: for every nonempty and closed set A C Hq(Q) such that —A = A, 

j(A) := inf{/c : there exists h : A — > M. k \ {0} continuous and odd} 

and "f(A) := 00 if no such k exists. Then for m = 1 the notion of vector genus 
coincides with the usual one, in the sense that, for k £ N, 

^j(A) ^ k <!=>• 7(4) ^ k. 

The key properties of this notion of genus will come out from the following Borsuk- 
Ulam type result due to Dzedzej, Idzik and Izydorek (see [HIE])- A weaker version 
for the case of the product of two spheres had already been proved by Zhong [20J . 

Theorem 2.6. // / : YliLi S Ui — > YYiLi * s a continuous function such that, for 
every i £ {1, . . . , m}, 

fi\X± } • • • i Xi, . . . , X m ) — fi (xi , . . . , X{ , . . . , X m ) , 
fi{xi, ■ ■ ■ , Xj, . . . , X m ) = fi\X±, . . . , Xj, . . . , x m ) Vj 7^ i, 
£/ien there exists {x\, . . . , x m ) 6 ni=i S Ui such that f(xx, . . ■ , x m ) = (0, . . . , 0). 
Lemma 2.7. With the previous notations, the following properties hold. 

(i) Take YYiLi C A4 and let r\i : S 1 ^ -1 C M. ki — > A{ be a homeomorphism such 
that rji(—x) = —r]i(x) for every x £ S ki ~ l , i £ {1, . . . , m}. Then 

m 

Y[Ai £ T {kl '-' km) . 
i=l 

(ii) We have rj(A) £ T^ kl '- ,km ^ whenever A £ r( fcl, - ,fem ) and rj : A ^ M is such 
that rj o 0% = o~i o r\ Vi. 
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Proof, i) Take / G F(ki,...,k m ) (11^=1 ^i) anc ^ consider the map 

m m 

if : YlS^ 1 JJr^" 1 ; tp( Xl ,...,x m ) := / (r/ x (a* ),..., r) m {x m )). 

i=l i=l 

For each fixed i G { 1 , . . . , m} , we have that 

(fi(xi,...,-Xi,...,x m ) = fi(rn(xi),...,r)i(-xi),...,rj m (x m )) 



fi{Vl(xi), • • • , • • • , ^m(^m)) 



, Jyj, . . . , ^ 



and, for j ^ i, 

(fi(xi,...,-Xj,...,x m ) = fi{m(xi), ■ ■ ■ ,rjj(-Xj), . . . ,r]m{x m )) 

= fi{Vl{xi), ■ ■ ■ , -Vj( x j)i ■ ■ ■ ,Vrn(x m )) 

= fi(vi{xi), • • .,r]j(xj),.. .,7] m (x m )) 
— (pi (^1 j • • • j Xj , . . . , X m ) . 
Hence Theorem 12.61 implies that (p~ 1 ({(0, . . . , 0)}) ^ 0, and hence also 

r i ({(o,...,o)_})^0. 

ii) First of all, it is easy to prove that if A G T and rj is as in the statement, then the 
set r](A) G T . Take any / G F(k\ ,...,fc m )( r ?(^4))- Then the map 

m 

fo V :A^ JJlR**- 1 , u M- (/ifa(u)), ■ ■ ■ , /m(r?H)) 

is continuous and, for every i, 

fi{i]{ui{u)) = fi(ai(r)(u))) = -fi(v(u)), 

and for every i ^ j 

fi(v(crj(u))) = /iOj(>70))) = fi(.v(u))- 
Hence f o rj G -F^, ...,fc m )(^4) an d from the definition of genus we deduce the existence 
of u G A such that f(rj(u)) = (0, . . . , 0), and the proof is complete. □ 

Together with this notion of genus, in order to obtain solutions which change sign, we 
will use a strategy based on the work of Conti, Merizzi, Terracini [8], using cones of 
positive/negative functions. A similar approach was also used for instance in [2"1 114j. 
In our case, for each i G {1, . . . , m}, we define the cone 

V i = {u=(u 1 ,...,u m ) G H^(n-R m ) : Ui > 0} 

and take V := U r ^ 1 (Vi U —Vi). Moreover, for each 5 > 0, we define V$ = {u G 
ifg(f2;M m ) : dist2(u,'P) < 5}, where dist2 denotes the distance associated with the 
L 2 -norm. Observe that dist2(«, 7^) = \\u~ \\l 2 (u) an d dist 2 (u, — Vi) = \\uf\\i2^y 

Lemma 2.8. For every 5 < y/2/2 we have that A\Vs / whenever A G r( fcl! "-' fcm ) 
with k; > 2 Vi. 
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Proof. Given A G r^ 1 '"* > fcm ), consider the map 

m ,. 

f= (/l,...,/m) i^n^" 1 ; fi( U )=( Ui\ Ui \dx,0,---,0). 

i=l jQ 

Clearly / G F^ kl ..., ) fc m )(-A), hence there exists tigi such that /(it) = (0, . . . , 0). By 
recalling that A C .A/f, we deduce that 

/ (u+) 2 dx = I (u^) 2 dx = - for all i 
/n 2 

Thus dist 2 (u, 7?) = y/2/2, and « G A \ V s for every 6 < y/2/2. □ 

We are now ready to define a sequence of minimax levels which will turn out to be 
critical levels for J\m- F° r every k\, . . . , k m ^ 2 and 5 < v2/2, define 

d^'-' km = inf sup J. (8) 

Aer( fe i>'"> fe ™.} 

Remark 2.9. It will be important to have an upper-bound for these minimax levels 
which is independent of 5. Considering 

d kl '-' km = inf sup Jp, 

it is easy to see that 

d k 1 ,...,k m ^ jk ly ..,k m for every k 1 ,...,k m eN,S>0. 

Throughout this chapter, we will denote d kl, '"' km simply by d. 

2.2. Existence of sign-changing critical points of J\_m at level dlt 1 ''"' m . As a 

first step towards the proof of Theorem 12. 11 we will now show that d s 1, '" ,km is indeed 
a critical level for sufficiently small 5. More precisely, we have the following. 

Theorem 2.10. There exists S > 0, u G i^(fi;M m ) and A, G K suc/i i/iat 

-Ait, + g(ui) + f(ui)^2F(uj) = inVL, i = l,...,m 

and J(u) = de 1 ''"' m ■ Moreover, each Ui is a sign- changing function. 

In order to prove this result we need to find a pseudogradient for J over Ai for 
which the set V& is positively invariant for the associated flow. Following [8j Theorem 
3.1], such pseudogradient should be of the type Id — K, where Id is the identity in 
H^Q-jW 11 ) and K is an operator such that K(Vs) Q V§/2 for small 5. The gradient 
of J constrained to Ai does not seem to satisfy this, due to the sign of the terms 
G( u i)iYlj^i F(ui)F(uj), an d hence this part is not straightforward. 
For technical reasons, we will work on the neighborhood of At in H} ) {Q,;W n )\ 

M* = {ue fl3(fi;R m ) : \\ Ui \\ L 2 {n) > h/i} 
(observe that Ui ^ Mi whenever u G Ai*). 
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Proposition 2.11. Given u G M* and i G {1, . . . ,m}, there exists a unique solution 
Wi G Hq(Q), fii G M of the problem 

-Awi + g(Wi) + f(Wi) YjjjLi F ( U j) = P"i U i in ^) 

(9) 

UiWi dx = 1. 



Proof. Existence: Fix it G A4* and consider the minimization problem 

m := inf{ / (hvw\ 2 + G{w) + F(w) S^F( Uj ))dx : w G H^(Q), [ win dx = l) ^ 0. 

Take a minimizing sequence (w n ) n , that is 

/ (qI Vi«n| 2 + G(w n ) + F(w n ) S~] F(uj)) dx — > m and f w n Uidx = \. 
Jn 2 ' J n 

3+1 

As F, G are nonnegative function, we obtain that (w n ) n is a -f^Q-bounded sequence, 
thus there exists w such that, up to a subsequence, 

w n w weakly in Hq(£1), and strongly in L 2 (Q) and L 2p ($7). 

Therefore J"q dx = 1 and 



/ (-|Vu)| 2 + G(w) + F(<u)) V F( Uj ))dx 
2 7^ 

liminf / d|Vw n | 2 + G(w n ) + F(w n ) V F(uj)) 



Thus w achieves m, and by the Lagrange multiplier rule we have that w solves ([9]) 
for some ^j. 

Uniqueness: Take w and i; to be solutions of 

— Aw + g(w) + f(w) F{uj) = HiUi, / wu{dx = l 

3+^ 

and 

-Av + g(v) + f(v) y2 F ( u j) = A*2«i, / ««i = 1. 
~T is] 

Subtracting the second equation from the first one, multiplying the result by w — v 
and integrating by parts yields 

\V(w — v)\ 2 dx+ I (g(w) — g(v))(w — v) dx+ / (f(w) — f(v))(w — v)y ^F(uj)dx 
Jn Jn 

3+i 

= / H\iii(v — w) dx — I fi2Ui(v — w) dx = 0. 
Jn Jn 
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As s i— > f(s),g(s) are non-decreasing (cf. (fgl)), then (f(w) — f(v))(w — v) ^ and 
(g(w) — g(v))(w — v) ^ 0, whence 

/ | V(w — v)\ 2 dx = 0, and w = v. 
Jn 

Finally, observe that from ([9]) we deduce that each Hi is uniquely determined by the 
expression 

Hi = / {\Vwi\ 2 + g{wi)wi + f{w i )w i S^F{u j ))dx. (10) 

□ 

We can now define the operator 

K : M* ->• i?o(f2;M m ); it i— >■ K{u) = w, 

that is, for each u, _?T(ii) = u; is the unique solution of the system Q. 
Next we state and prove three properties of the operator K. 

Lemma 2.12. (K\ _M is a compact operator) Let (u n ) n C M. be a bounded sequence 
in Hq(Q;W ti ). Then there exists w G Hq (Q; W n ) such that, up to a subsequence, 

K(u n ) -f w strongly in Hl(Vt;W a ). 

Proof. Let {u n ) n = (iti, n , • • • , i*m,n)n be as in the statement and let w n := K(u n ). 
Multiplying ([9]) by Ui^ n and integrating by parts, we deduce 

/ |Vw i;n | 2 < / (|VWi,n| 2 + g(Wi, n )Wi, n + f(w i%n )w^ n V] F(uj, n )) dx = (lj,n 

Jn Jn i+i 

= j (Vw,, n • V^i.n + g(Wi,n)Uj,n + f(w^ n )u^ n V] F(Uj, n )) dx 

^ IK,n||ifi(Q)|K,n||ifi(Q) + Cl y (1 + ki,n| 9_1 )|«i,n| 
+Ci / (l + |u» i , n | ?, ~ 1 )|n iin |(l + V|n ijn | p )^ 

< C2|ki,n||i?i(n) +Cl y (l«t,nl + ki,n| 9-1 K,nl)^ + 

Cl / (K,n| + ki,n| P_1 |Wi,n| + K,n| X] K>l ? + ki,n| P "Vi,n| ^ K>H ^ X 

< Qjll^t.nllfl-^n) + C3 + Ci||ui jn 11^9(^)11^^11^,^ + C'i||uj in || L p(^)||u)j in || P p^ 

+Ci||nj ]n ||^2(-Q) ^ ] ||%,n||^2 P (-j-2) + Cl||t(7i jn ||^2p^-)||' u i,n||L 2 P(Sl) ^ ] ll^j/ra II £2 P (-q) 

< C r 2||t0i,„l| jH a (n ) + C 3 + C f 4||l0i 1 „||^ (n) + C 5 |ki,n||^ or 
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As p, q < 3, then p— l,q — 1 < 2 and we conclude that (w n ) n is ii^-bounded. Hence 
also all fj,i >n are bounded (recall from (PTOj) their expressions) and, up to a subsequence, 
w n converges weakly in Hq to some function w. Multiplying this time row i in Q by 

Wi tn —Wi, we see that 

/ Vw itn -V{w ijn -Wi)dx = - g{wi tn ){wi, n -Wi) dx- / f {w i)n )(w i>n -Wi) ^ F(uj. 
Jn Jn Jn ... 

+ / Vi,nUi,n{ W i,n ~ Wi) dx -> 0, 

Jn 

and therefore to^ — > w% strongly in Hq(U). □ 
Lemma 2.13. The operator K is of class C . 

Proof. We will apply the Implicit Function Theorem to the C 1 map 

^ : M* x flj(fi) x R -> flj(fi) x R; 

*(u, A) = (u + (-A)" 1 ^) + f{v) Zj^i F{ Uj ) - \ Ui ), J n vm dx - l) . 

Observe that © holds if and only if ^(u, Wi, /Xj) = (0,0). Take such a zero of ^ and 
let us compute the derivative of ^ with respect to v, A at the point (u,Wi,Hi) in the 
direction (tD, A). We obtain a map $ : i?o(^) x R — >■ Hq(Q) x R given by 

$(w),A) := D v ^{u,Wi,Hi)(w,\) 

= ^w + (-A)~ l (wg\wi) + wf'(wi)^2F(uj)-Xui), J wuidx^. 

Let us prove that $ is a bijective map. 

<]? is infective: If <3?(w),A) = (0,0), then we can multiply the equation 

- Aw + uft'Ofli) + wf'(wi) F ( u j) ~ ~ Xu i = ( n ) 

by u), yielding 

I*™, < + / «V(<*>*+ / - X / = »• 

()V ' oV ' Jn Jn ~f- Jn 

37=1 

whence w = 0. Again by using (|lip we obtain Xui = 0, thus also 

A = A / UjWj <ix = 0. 



$ is surjective: Take (/, c) £ ^(fi) x R and let wi,W2 be solutions of the (linear) 
problems 

-Awi + wig'(wi) + wif'(wi) ^2 F ( u j) = f 
-Aw 2 + w 2 g'{wi) + w 2 f'(wi) ^2 F ( u j) = u i- 



COMPETITION-DIFFUSION SYSTEMS AND OPTIMAL PARTITION PROBLEMS 11 

Take moreover k = (c — j Q W\Ui dx^j / j Q wiUi dx. Then §(w\ + KW2, k) = (/, c). □ 

Lemma 2.14. There exists 5 > (which can be chosen arbitrary small) such that 

dist 2 (K(u),V) < 5/2, VuGM, J(u) ^ d+ 1, dist 2 (u,-p) < 5. (12) 

Proof. 1. Suppose, in view of a contradiction, that there exists 5 n — > and u n G Ai 
with J(u n ) ^ d+1, dist 2 (u n ,'P) < 5 n and dist2(i^(n n ), V) ^ 5 n /2. Suppose moreover, 
without loss of generality, that 

dist 2 (u n ,P) = ||u^ n || 2 (< S n -)■ 0). 

Let w n = K(u n ) and ^ n := J n (| Vw i>n \ 2 + g(,Wi,n)m,n + f{wj,n)wj,n Y^j^i F ( u j,n)) dx 
for every i. We deduce from Lemma 12.121 the existence of u, u), and /2j such that 

ii n ^u weakly in H^(Q; R m ), strongly in L 2 (Q; R m ) and L 2p (0; M m ); 
w n —> w strongly in ifg(il;M m ), and /Xj )n — > /2j in R. 

Observe that 

-Au)i + g(wi) + ^ F(uj) = Ji-iui ^ 0, 

and (from the hypotheses made on /, 5) f(s),g(s) = O(s) as s — > 0. Hence by the 
strong maximum principle w)i > 0, and therefore we can conclude that |{^i,n < 0}| — > 
as n — > 00. 

2. Observe now that in general, by using both Holder and Sobolev inequalities we 
have 

\\ u \\h(n) < c sP(\ n \)\\ u \\H^ny 

where = | ST2 1 C 2 * 2)/2* an( j - g ^ e hest Sobolev constant of the embedding 

Hq(£1) <-¥ L 2 *(il). This fact together with ([9|) allows us to obtain 



l u 'i,Jl£*({«;i,n<o}) ^ C%p(\{w,. n <0||) / \VwiJ 2 dx 



^ C 2 sP (\{w 1>n < 0}|) / \Vwl 
Jn 

^ C 2 sP (\{w 1:n <0}\) f (IV^-J 2 - g{w x , n )wl n - f(wi, n )w^ n J2 F ( 
= -m, n Csp(\{wi, n < 0}|) / m )n «;J" n da; 



CsP{\{w\,n < 0}|) / u ln w ln dx 
Jn 

< Mi,nC|p(|{iwi,„ < 0}|)||n^ n || L 2 (n) ||^ n || L 2 ({w , ln<0}) 

< Cp(|{t«l,f. < 0}|) «5„ lki;nllL 2 ({ioi,n<0}) 

and hence ||^ 1 ~ n ||L2(^) < <5 n /2 for sufficiently large n, which is a contradiction. □ 
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Now define 

V : M* ->■ H^(n;R m ); u^u-K(u). 
Observe that, for u € Ai, 

V(u) = u solves ©. 

Next we show that V satisfies the Palais-Smale condition and that it is a pseudogra- 
dient for J over Ai. 

Lemma 2.15 (Palais-Smale type condition). Let u n 6 Ai be such that, as n — > oo, 

J(u n ) ->■ c < oo and F(u n ) ->■ m #o (O; M?n )- 

TTien i/iere exists u £ Ai such that, up to a subsequence, u n — )■ u in (f2; R m ). 

Proof. Since ||"n||#i(Q) ^ J{ u n) ^ c + 1 < oo for large n, there exists « £ M and 
w £ Hq^-jW 71 ) such that, up to a subsequence, 

u n ^ u weakly in Hq(CI; R rn ), and u; n := K(u n ) — > w strongly in Hq(Q; R m ). 

Then we have, as n — > oo, 

o(l) = (V(u n ),u n - u) H i {n) = (u n ,u n - u) H i (n) - (w n ,u n - u) H i (n) 

Since the last term tends to zero as n — > oo, the proof is finished. □ 

Lemma 2.16. We have 

(VJ{u),V(u)) H i (n) > 2\\V(u)f H i m whenever ue At. 

Proof. First of all observe that, by ([9]), 

/ Ui{ui — Wi) dx = I uf dx — / U{Wi dx = 1 — 1 = whenever u 6 Ai. 
Jn Jn Jn 

This together with © yields 

m „ 

(VJ(u),V(u)) H i(ty = (Vui-V(ui-Wi) + g(ui)(ui-Wi) + f(ui)(ui-Wi)^F(uj))dx 

i=i Jn j# 

m „ 

^ 2S~] / (Vui -V(ui - Wi) + g(wi)(ui - Wi) + f(wi)(ui - Wi)\2F(uj))dx 
i=i jjti 

m „ 

= 2 V] / ( Vn i • ~ ^i) ~ " ~ w i) + Vi u i( u i ~ w i)) dx 

i=i J n 

= 2(u-w,u-w) H i {n) =2\\V(u)f H i {n y 

□ 

With V we can now construct a J-decreasing flow for which Vs is positively invariant. 
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Lemma 2.17. There exists a unique global solution 7] : R + x M -> H^(Q;R m ) for 
the initial value problem 

j t r](t, u) = -V(rj(t, u)); 7?(0, u) = u G M. (13) 

Moreover: 

(i) rj(t,u) £ M,\/t>0, u G M; 

(ii) For each u G A4, i/ie map i 1— > J(rj(t,u)) is nonincreasing. 

(Hi) There exists 5 such that, for every 5 < 5, 

rj(t, u) G Vs whenever u G Ai Pi T^, J(it) ^ d + 1, and t > 0. 

Proof. As V G C 1 ^*), there exists a solution r? : [0,T max ) x M* ^ H^(n-,R m ), 
where T max is the maximal time of existence of solution. We have 

[ rfi(t,u)dx = -2 f rn(t,u)Vi(r)(t,u))dx 



'n 

2-2 rjf(t,u)dx 



2 / 7]i(t,u)Ki(r](t,u)) dx — 2 / r]f(t,u)dx 



whence 



As J*^ ^(0, u) dx = J n uf dx = 1, we get 

/ «) dx = 1 for every i. 
Jn 

Moreover, from this and Lemma 12.161 we see that 

j t Av(t,u)) = -{VJivM^Viv^u)))^ < -2\\V(r,(t,u))\\ H i (Q) ^ 0. 

In particular, \\rj(t, ^ J(v(ti u )) ^ ^(it) < +00 and thus T max = +00 and 

(i), (ii) hold. 

(iii) Take 5 > so that ([12]) holds for every 5 < 5. For every u £ M such that 
J(u) ^ d + 1 and dist2(«, V) = 5 < 5, since 

r)(t, u) = ?](0, u) + £77(0, u) + o(t) = u- tV(u) + o(i) as t -> 0, 

we see that 

dist 2 (r/(t,u),7 3 ) = dist 2 (n-i(n-K(n)) + o(t),-p) 
= dist 2 ((l-t)u + t.K'(u) + o(t),P) 

< (1 - t)dist 2 (n, P) + tdist 2 (if(u), 7?) + o(t) 

< (l-t)5 + t5/2 + o(t) <5 

for sufficiently small t > 0, and the conclusion follows. □ 
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We can now conclude the section with a proof of the desired result. 

Proof of Theorem \2.1(A Take any 5 < min{\/2/2, 5} and denote d* 1 >— ,km simply by 
d. In view of a contradiction, suppose there exists < e < 1 such that 

||V(u)|||-i (n) > e, Vu£M: \J{u) - d| ^ 2e, dist 2 {u,V) ^ 5. (14) 

Let us take any A G r^ 1 '-^™) such that 

sup J<d + e^d+l 

A\V S 

and consider B := rj(l,A), where r] is defined by (|13p . From Lemmas 12.71 and 12.81 we 
know that B G T^ kl '-' km ^ and that B \ Vs ^ 0- Take u G A such that 7/(1, u) 7^ 
and 

d — e ^ sup J — e < J(r](l, u)). 
B\V S 

Since is positively invariant for the flow ij (cf. Lemma[2T7]), we see that 77 (i, u) G" V$ 
for every t G [0,1]. Moreover, 

d ^ sup J < J(rj(l,u)) +e ^ J(r)(t,u)) +e ^ J(u) +e 
< sup J + e < d + 2e. 

A\V S 

We conclude from (fl~4"|) that \\V(r](t,u))\\ 2 Hl ^ ^ e for every t G [0, 1] and 

j t J(r](t,u)) = -(VJ( V (t,u)),V( V (t,u))) H i {n] 

< -2||y(r / (t,n))||^ 1(n) ^-2e ViG [0,1]. 

Whence, after an integration, 

d - e ^ J(t/(1, it)) < J(it) - 2e < d - e. 

Thus (|14p implies a contradiction and therefore we can find a sequence u n G Ai such 
that 

J(u n ) — >■ d, V(u n ) — >■ and dist2(ii n , -P) ^ <S. 

Lemma 12.151 now implies the existence of u G M such that, up to a subsequence, 
u„ — >■ u strongly in Hq^W 71 ). Hence J(u) = d, V(u) = 0, and dist2(u, P) ^ 6, 
which yields the desired result. □ 

We have deduced that for each f,g and ki,...,k m there exists 5 = 
S(f, g, ki , . . . , k m ) < min{\/2/2, 5} such that d s u '"' km is a critical level for J\m- From 
now on we will denote such level simply by d fel >— > fem . 



COMPETITION-DIFFUSION SYSTEMS AND OPTIMAL PARTITION PROBLEMS 15 

2.3. Existence of infinitely many sign-changing solutions of (|6|). In this sub- 
section we will prove Theorem 12.11 For that, we will prove that al kl '"' ,km — > +oo as 
some ki — > +oo. 

Lemma 2.18. Let fci, . . . , k m ^ 2. Then 

in 

i=l 

Proof. Let {tfk}k be the sequence of eigenfunctions of (—A, Hq(Q)), normalized in 
L 2 (£l), associated to the eigenvalues {Xk}k- Take A G r( fc i----> fc m) anc i consider, for 
each i, the function 



9i ■ A 



oki—l 



U H-> I / n U, 



;<pi dx,...,J n Uiip ki ^ 2 dx, J n Ui\ui\ dx^j . 



Then g := (gi, ■ ■ ■ ,g m ) belongs to Fr klt jk \(A) and there exists u S A such that 
Ui G span{<^i, . . . , (/9fc i _ 2 }" L and Ui Vs, as 5 < y/2/2. Thus 

m „ m 

sup J(u) ^ J(u) ^ V / |Vui| 2 rfx ^ VA fc ._i(il), 
ueAy* i=1 i=1 

and the result follows. □ 

Proof of Theorem 1 2. 1\ We have Afc(Q) — > +oo as k — > +oo, whence d kl, -' km — > +oo 
as ki — > +oo for some i and the result follows. □ 

3. Proof of Theorem 11.11 

Theorem 11.11 is not an immediate consequence of Theorem 12.11 In fact, by choos- 
ing f(t) = y/2j3t and g(t) = a^i 3 , we see that they do not satisfy condition (fg2). 
Moreover, for N ^ 5 the associated energy functional 



(ft /. 4 ui, q „ 

i=i Jn 2 ij=i 2 Jn 



2 u 2 dx 



r- 



might take the value +oo. We overcome these problems by considering suitable 
truncatures of the functions t i— >• t and t i— > t 3 . Fix any 1 < p < min{2*/2,3} and 
1 < q < min{2*,3}. Given neNwe define the odd C 1 functions 



fn(t) 



t, \t\ ^ n 

t\t\ p ~ 2 n 

+ n , t ^ n 



(p — l)n p 2 p — 1 ' 

t\t\ p ~ 2 n 

7 ; — ztt H n, t ^ — n 

, (p — l)n p z p — 1 
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t 3 , \t\ < n 



9n(t) = < 



3t\t\i- 2 o 3re 3 

+ n 3 , t^n 



(q-l)nl- A q-1' 

3*1*1^— 2 3n 3 o 

H - n 3 , t < -re. 



t (g-l)re?-4 g-1 
and their primitives := /* /n(£) d£, G n (t) := flg n (£)d£,. 

Lemma 3.1. The functions f n and g n satisfy the following properties: 
(i) for every n G N there exists C > such that 

\f n (t)\^C(l + \t\ p - 1 ), M^KCU + I^- 1 ) for every t G M; 

(m) £/iere exists 9 > independent of n such that 

f n (t)t ^ QF n (t) and g n (t)t < 0G n (t) /or every (15) 

(m) we /iaue 

fn(s)t + f n (t)s 4: f n (s)s + f n (t)t and g n (s)t + g n (t)s ^ g n (s)s + g n (t)t 

for every s,t G M; 
(w) S'n(i) ^ /or every t ^ 0. 

Proof, (ii) Since both f n (t)t and F n (t) are even, it is enough to check (fT5|) for t ^ 0. 
Take 0' := max{l,p — 1}, and let us show that 

A(t) := 0'/n(i) " ^0 Vt > 0. (16) 

For < f < re, A(i) = 9't-t = (6' - l)t ^ 0, while for i > re 

A'(t) = - (p - 1) 5 ^ 

and hence, after an integration, A(t) ^ A(re) ^ 0. Therefore f|16f) holds and then 

/ n (t)t < (0' + l)F n (i). 

The proof for g n is analogous, taking 9 := 9' + 1 with 0' := max{3, q — 1}. 
(hi) Let us first consider the case s, i 0. If ^ s, i ^ re, we have 

/„(«)* + / n (t)s = 2 S i < S 2 + t 2 = / n (s)s + f n (t)t. 

If s, t ^ n, 

/ re \ / t p ~ tl 
fn{s)t + f n (t)s = - rv^ + n 7 )*+ 7 7V^T?+ n 



(p — l)?i p 2 p—1/ \(p—l)n p 2 p — 1 

s p_1 i + tP" 1 ^ / re \ / re 
+ U -)t + in 



(p — l)n p 2 V p—1 J V p—1 

s p + t p ( n \ ( n 
< t - o + w - t + re 



(p — l)n p 2 V p—1/ V p—1 
/n(«)s + /n(*)t- 
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If s ^ n, t ^ n, since 



s p 1 n 



. (p — l)n p 2 p — 1 

then we have 

oP-l 



+ n -i (s-i) ^ 



( (p-l) W P-2 +n -^l)' + ta 

s p_1 n \ 

. (p — l)n p ~ 2 p—lJ 



2 



= fn(s)s + f n (t)t. 

Hence (|3.ip holds for s, t ^ 0. Finally, for s ^ 0, i ^ 0, we have 

/n(*)* + /„(*)S < < f n (s) S + / n (t)t 

while for s, t ^ 

/«(«)* + /«(*)« = /»(-«)(-*) + /«(-*)(-*) 

< /»»(-«)(-«) + fn(-t)(-t) = f n (s)s + f n (t)t. 

The proof for g n is analogous. 

(iv) We need to check that, for t ^ n, 

Q(t) ■= t 3 - - ; j - n 3 + ^ 0. 

w (q - l)n9" 4 g - 1 ^ 

Now 0(n) = 0, and 

o f q-2 

e'(t) = 3t 2 T ^ if and only if n<?" 4 ^ t 9 " 4 , 

n (J-4 

which is true because q < 3. □ 

Thus the truncated functions f n ,g n satisfy (fgl) — (/<?3), and hence from Theorem 
I2.1l we immediately deduce, for each n, the existence of infinitely many sign-changing 
solutions of the problem 

- Am + aig n {ui) + 2pf n ( Ui ) F n ( Uj ) = X^m, m £ H^(U). (17) 
More precisely, if for each n we define 

m ,. m » 

J£(u) = V / (|Vu 4 | 2 + 2aiG n (^))dx + 2/3 V / F n (ui)F n (u.,) cte 
i=i ^ ij=i ^ 



and the minimax levels 



fcl,...,fcm _ ■ f J" 

A6rC*i>-> fc »») _4\p s 



there exists an unbounded sequence {up)p of solutions of (fT7|) such that J^iup) 

k\ , . . ..km 
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We can easily deduce an upper-bound for these minimax levels, independent of n. 
Indeed, consider the functional 



' Y I ' (\Vu^ + a -^)dx if "i-y^OVMi, 
Joo{u) = { ^Jn " 2 ' and J Q uf < oo, 



+oo otherwise. 

Using Lemma l2,7l -(i). one can construct A G r'' 1 ''"'''"' such that sup^ Joo < oo (see 
for instance the proof of Lemma 14 . 1 1 ahead ) . Then we take 



„k\ . • 1 hm . _ 



min sup < oo. 

y ^ e p(fc 1 ,...,fc m ) ^ 



As 2G n (t) ^ t 4 /2 (c/. Lemma IBTTU iv)) we have Jp{u) ^ Joo{u) Vu, and hence 
4]n" km < c^'-' km for all p > and ra G N. 

Let 

/C^;-" fcm := | u g ^(n ; R m ) : u satisfies (P2J> and Jg(^) = cf^> km \. 
By using a Brezis-Kato type argument, we have the following. 

Lemma 3.2 (a priori bounds). There exists a constant C = C(f3,k±, . . . ,k m ) > 0, 
independent of n, such that 

IMU°°(Q) < C for every u G /C^ n '"' fcm . 

Proof. 1. (A? fl ) n are bounded, independently of n. We have 

J£(u) = V / (|V^| 2 +2a i G n (n i )) f ix+V / 2pF n ( Ui )F n ( Uj ) dx = cf n ~' km ^ <&-•'*" 
i=i ^ i^i ^ 

then 

/ |Vu;| 2 (fx, / aiG n (iii)da;, / /3F n (ui)F n (uj) dx < c^'-' fe 
Jf7 Jf7 in 

This, together with Lemma l3.1l -(ii) yields 

aig n (ui)uidx ^9 1 a,iG n (ui)dx ^ 



(18) 



OO ! 



PfniuJmFniuAdx^e / /3F n (^nK)cte 



fcl ... . ,fcn 



and hence 



^ A™o = (\Vui\ 2 + a i g n (ui)u i + 2(3f n (u i )u i yF n (u j ))dx 



k\ , . ...km 



s; (1 + flo* + 20(m - l)0)c£- 
2. Observe that from (|18h we know there exists C > independent of n such that 
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Suppose that u £ L 2+<5 (Q;M m ) for some 6; we can test (117p with U{\ui\ , obtaining 

V\ui\ 1+ z\ 2 dx + / aig n (ui)ui\ui\ 5 dx 



1 + 5 

(1 + f) 2 



V|u,-| 1+ 2| 2 dx < 



1 + 5 

(1 + |) 2 Jn 



+2/3 / f n (ui)ui\ui\ s F n (uj) dx 

3^ 



\,/3 



1 2+5 



dx 



Hence we have 



fj|| I/ 2*(2+«)/2(Q) 



< c 



<5\2 S l 



2+5 



< c 



(1 + 1) 

l + <5 

,(1 + 1)%^, 
1 + 5 



II; 



2+6 dx^ 2+6 



u i\\L 2 + s (n)- 



Now we iterate, by letting 

5(1) = 0, 2 + 5(k + l) = 2*(2 + 5(jfe))/2. 
Observe that <5(/c) — > oo, since <5(fc) ^ (2*/2) fc - 1 . We then have 



^|| L 2*(2+«)/2(Q) 



A' 

« n 

3=1 



c 



( 



^ exp 

As <5(j) > (2*/2)^- 1 , we see that 



E 



V 



^2 + 5(j) 



log 



C 



\ u i\\L 2 (£l) 



! + ¥)' 



\ u i\\L 2 (n) 



1 



c 



i+^y 



< oo, 



which provides the uniform bound in L°°(Q) □ 

Proof of Theorem li.il Let C > be the constant appearing in the previous lemma 
and take n ^ C. Then there exist infinitely many sign-changing solutions u of (I17p . 
By the choice of n, each solution of (I17|) is also a solution of ([I]), and the result 
follows. □ 

4. Optimal partition problems. Proof of Theorem 11.21 

The purpose of this section is to prove Theorem 11.21 Hence we consider ai, ... , a m = 
0, and we are dealing with system (|2|). Before concentrating our attention on the 
case of optimal partition problems involving the second eigenvalue, let us prove some 
preliminary statements. 



20 



H. TAVARES AND S. TERRACINI 



Lemma 4.1. Let k\, . . . , k m £ N. We have 



i=l 

where 



in 

(u)l,...,U) m )eVrn(il) 



V m (Q) = . . . ,uj m ) : uji C are open sets, and uj{ n u)j = 0, Vz / j|. 

Proof. Take (wi, . . . , w m ) G P m (r2) and, for each i £ {1, . . . , m}, let tp\, . . . , ^ denote 
the first fcj eigenfunctions of (— A, Hq (oJi)), normalized in L 2 (0). Let 

Ai := {u E span{^,...,^.} : ||u|| L 2 (f7) = 1}. 

Then there exists an obvious odd homeomorphism between Ai and S ki ~ 1 , the unitary 
sphere in Therefore Lemma |2. 71 (i) applies, yielding that 

m 

Y[Ai£ r (fci ""' fcm) . 
i=i 

As uj-i n ujj = for i ^ j, it is now easy to conclude that 

m m „ m „ 

Xk (oJi) = >^ max / iVtuPete = max / iVujPdx 



> inf sup Joo(n) = c^'" 
j4er( fe i fe "i) ^4 



OO 



□ 



Remark 4.2. By combining Lemmas l2.18l and l4.ll we know that for each k±, . . . , k m J? 
2 there exists a minimax level Co 1 ''"' m associated with ([2]) such that 



(wi,... ,oj m )eVm{u) 
i=i t=i 



OJi). 



Since ~ k 2 l N , then there exist two constants C\,C2 > 0, independent of ki, such 
that 

m m 
i=l i=l 

These inequalities can be used to estimate how many critical levels there are in each 
interval [a,b] C R+. 

By what we have seen in the previous section, we know that for each k\, . . . , k m 2, 
(3 > 0, there exists up = (n 1( g, . . . ,u m p), a sign-changing solution of ([Tj) , satisfying 

Jpiup) c^'"' , ' Cm . By combining the results in the works [TTJ, [18], we have the 
following informations about the asymptotic behavior of the solutions up as /3 — > +oo. 

Theorem 4.3. There exists a vector Lipschitz function u = (tti, . . . ,u m ) G M such 
that, up to a subsequence, 
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(i) Ui,fi -»• in flj(n) n C°' Q (n) /or euery < a < 1; 
(m) — Aui = XiUi in the open set {uj ^ 0}, where Aj := lim^ A, p; 

(*Q «, • flj S / „ + oo, *„ < / i; 

(if) i/ie nodal set Ty := {x £ £1 : Ui(x) = 0} consists, up to a set having at most 
Hausdorff dimension N — 2, of a union of hypersurfaces of class C°° . 

Proof. Let us show first of all that the Aj j( g's appearing in ([TJ are uniformly bounded 
in /3, and that there exists C > 0, independent of /3, such that 

IMU»(n) < C- (19) 

In fact, 

J /3( u /?) = 51 / |Vn ij/3 | 2 d2;+ V - / ulpu 2 j f3 dx < C 
i=i ^ M =i 2 ^ 

and hence 



/ |Vuj a| 2 dx, / f3u 2 g u 2 g dx^C 
Jn Jn 



Vi, /3 > 0. 



Therefore Aj ;l g = JndViti^l 2 + fi u2 pYl l j^i u2 j p) dx is bounded independently of /3. 
Moreover, it^ is a bounded sequence in -Hq (f2; M m ), thus a Brezis-Kato type argument 
as the one shown in the proof of Lemma 13.21 gives (|19p . Now (i)-(iii) follows from 
\17\ Theorems 1.1 & 1.2] (see also Remark 3.11) and (iv) is a direct consequence of 
|18t Theorem 1.1]. It should be stressed that although in [T7] the results are stated 
for non- negative solutions, they also hold for solutions with no sign-restrictions; all 
arguments there can be adapted with little extra effort to this more general case, 
working with the positive and negative parts of a solution. □ 

Coming to the proof of Theorem II .2\ let us fix from now on k\ = . . . = k m = 2. The 
importance of having obtained sign-changing solutions is clarified in the following key 
result. 

Lemma 4.4. Within the notations of the previous theorem, for every i £ {1, . . . , m} 
we have that 



[ \Vui\ 2 dx ^ \ 2 ({ui + 0}). 
Jn 



Proof Observe that u^p is an eigenfunction of the operator —A + PYlj^i u j p ^ n 
Hq(CI) with eigenvalue \i t p. Since u^p is a sign-changing solution, we have that 

\p > Ai(-A + /3 5^u 2 i/3 ,0), 

i¥=i 

the first eigenvalue of — A + /3 X^yi m (^)- Moreover, if ip^p ^ is such that 
||<ft,/9||L2(n) = 1 and 

- A<^ iw a + foij 5^ u 2 p = Ai(-A + /?5^'" 2 /3 ,fi)v9 ii/3 , 
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then 

UifiVifi dx = 0. 

As 



J (\V<p ijfl \ 2 + f3^ u)J) dx = X 1 (-A + f3Y^ u\ p , n) < A i)/3 ^ C 



there exists ipi ^ with ||^i|li 2 (n) = 1 such that cp^p — weakly in Hg(fi) and 
moreover by Fatou's Lemma 

/ 0? E dx < l im f nf / V?i,fl E dx ^ » lim C IP = °> 



hence ipi = a.e. on Uj^jjitj 7^ 0}. Since T has zero Lebesgue measure (recall 
Theorem 14.31 - (iv)) and (p ^ in £1, then (pi ^ a.e. over {^j 7^ 0} and, as 



unpi dx = 0, 

n 

then Ui £ Hq{{ui 7^ 0}) is a sign changing solution of — Au{ = AjUj, and 

/ \Vui\ 2 dx = Xi > A 2 ({ui / 0}). 

□ 

Now we are in a position to prove our second main result. 

Proof of Theorem By combining everything we have done so far, we obtain 



' m l „ , n X A2(Wi) > c -"' 2 ^ J ^ = E / i v M 2 ^ + E ? / u i 

and hence, by Theorem 14.31 - (i) . (hi) and Lemma 14.4} 

m m . 

inf VA 2 (wi) ^ c^-' 2 > lim Jb(u p ) = V / |Vui| 2 

rra m 

t - ' (wi,...,wm)e7'm(n) •r - * 

1=1 1=1 



P u j,P 



Ui). 



Thus ({u\ 7^ 0}, . . . , {u m 7^ 0}) is a solution of ©, and the result now follows from 
Theorem l4.3K iv). □ 
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4.1. Further extensions. If k\, . . . , k m = 1, observe that we can use similar (even 
easier) arguments without using the cones V%- In this case, 

cl''"' 1 := inf sup Jg = inf Jg 
p Aeri i a M 

and we can prove the existence of ug, solution of ([I]), such that Jg(u) = c^''"' 1 . Thus 

m m ,. m 

(ui,...,w m )67' m (n) r~ j' /3^+oo j' J n 

and hence we get the same result as in Theorem 11.21 with ([5]) replaced by 

m 

inf y Ai(qjj). 

(wi,...,iii m )6P m (!J) f— ' 

We recover this way the result already shown in [6]. 
More generally, we can also replace ([5]) by the problem 

m m 

inf (> Xi(u>i) + > Aofw,)), where ra < m, 
( W i,...^ m )£7'm(n)Vf-' u 1 .4^ v 

«=1 i=m+l 

getting the same conclusions as before. In fact, the same arguments of Sections [2j [3] 
can be applied, with the difference that we just take 

in the definition of ([8]). 

We conjecture that, given arbitrary k\, ■ ■ ■ , k m £ N, there exists ug = («i )( g, . ■ ■ , u m ,0) 
solution of (HJ) with Jg{up) ^ c^'"'' fcm , and (u\, . . . , u m ) a limiting profile in the sense 
of Theorem I4.3[ such that (wi, . . . , oj m ) := ({u\ ^ 0}, ... , {u m / 0}) solves 

inf y ^ Xkjjuij). 

(u> 1 ,...,u) m )£'P m {n) 

i=l 
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